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Abstract. A simplicial complement P = {cri, 0-2, • • ■ , Ug} is a sequence of subsets of [m] and 
the simplicial complement P corresponds to an unique simplicial complex with vertices 
in [m]. In this paper, we defined the homology of a simplicial complement Hi^u{A*'''[¥],d) 
over a principle ideal domain k and proved that ,(A[P], d) is isomorphic to the Tor of the 
corresponding face ring k(_fCp) by the Taylor resolution. As applications, we give methods 
to compute the ring structure of TorJ^'j' (k(ii'p), k), link^jO", star^^a and the cohomology 
modules of the generalized moment-angle complexes. 

1. Introduction and statement of results 

The moment- angle complexes have been studied by topologists for many years (c/. |19j |15|). 
In 1990's Davis and Januszkiewicz [8] introduced quasi-toric manifolds which were being studied 
intensively by algebraic geometers. They observed that every quasi-toric manifold is the quotient 
of a moment-angle complex by the free action of a real torus, here the moment-angle complex 
is denoted by Zk corresponding to an abstract simplicial complex K. The topology of Zk is 
complicated and getting more attentions by topologists lately (c/. [TT] [Tl] [1] [H] [IH])- Recently 
a lot of work has been done on generalizing the moment-angle complex Zk = Zk{D^,S^) to 
pairs of spaces {2L,A) {cf- [2], [3], [12], [16]). In this paper we study the cohomology of the 
generalized moment-angle complexes Zk {2Li A) corresponding to the pairs of spaces (X, A) with 
inclusions Ai ^ Xi being homotopic to constant for all i. 

Classically the homological algebra aspect of the Stanley- Reisner face ring plays an important 
role in the cohomology of Zk {cf. [5], [20]). Let K be an abstract simplicial complex with m 
vertices. Choose a ground ring k with unit (we are mostly interested in a principal ideal domain). 
Let k[x] be the N™ graded polynomial algebra over k on m indeterminates x = {xi,X2, ■ ■ ■ , x,n}. 
The Stanley-Reisner face ring is the quotient ring k(_ftr) = k[x]/I/f , where Ik is the Stanley- 
Reisner ideal generated by the monomials x^- corresponding to non-faces a ^ K. 

Ik = (xcr = Xij^Xi^ ■ - -Xija = {«i,«2, • • • , ««} K). 

It is well known that the cohomology of Zk is isomorphic to the Tor of k(X) over k[x], that is 

i7«(ZK,k)= Tor];M(k(i^),k) and 

2j-i=q 

Tor^^M (k(X),k) ^Tor^^^-^kMK)). 

There are several methods to compute the Tor of 'k(K). For example, one can use the Koszul 
resolution A[ui,M2, • • • , Un] <25 k[x] of k, then by applying the functor (8)krx]k(X), the homology 
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of A[ui,M2,--- ,Un] ^^{K) is ror|'2j-' (k, k(iir)). On the other hand, one can construct a free 
resolution of ^(K), then by applying the functor (8>k[x]k, the homology of R* (8ik[x] k is 

Tor^^fik{K),k). In this paper, we will follow the second method to give a free resolution of 
\i{K) and compute the homology of the resulting chain complex R* (Xikfx] k. 

Let P = {(Ji,a2, • • • , <Js} be a sequence of subsets of [to] = {1, 2, • ■ • , m}, which is called a 
simplicial complement in this paper. It is easy to see that 

is an ideal generated by square-free monomials. Thus there is an unique simplicial complex K-p 
such that = 1-r- 

Let A[P] be the exterior algebra over k generated by P. Given a generator u = <JkiCk2 ■ ■ ■ 
in A[P], let = <Jki U <Jk2 U • • • U fjfe^ be the total subset of u. The bi-degree of u is defined as 

bideg(u) = {q, S^), 

and the monomial determines an unique N™ vector a.^ such that xg^^ — x"*". 
Let 

di{u) = (Tfej ■ • ■ (Tfc^ ■ • • (7kg — CTki ■ ■ ■ CTki^iC^k.+ i ' ' ' 0"^, 

and for a generator u (g) x** e A[P] Cg)k k[x] define 

^U^x'^) = ^(-l)^9,(u) ®X(s„\Sa.(„))X", 

i 

where ^(Su\So.(^^^) — ~ — denote the monomial of k[x] corresponding to the subset 'S'u \ •S'a; (u) • 

It is known that (A[P] ®kk[x] , d) is a free k[x]-resolution of k[x]/Ip called the Taylor resolution 
|17) . Then applying the functor (8ik[x]k, we get 

(A[P] (gkk[x] ®k[x] k,d® 1) = (A*'*[P],d) 

and 

Theorem 2.7 Let P = {cti, <J2, ■ ■ ■ , (7^} be a simplicial complement and Kp be the correspond- 
ing simplecial complex such that I^f = ^P- Let (A*'*[P],(i) be the chain complex induced from 
the bi-graded exterior algebra on P. The differential d : A'^'*[P] — ^ A''^^'*[P] is given by 

d(u)^^(-ir9,(u).5a.(u) 

i 

where ^^^(u) — 1 ^/ '^he total subset Su — Sq.^^^ and Sq.^^^ — if Su '^^^{u)- Then the homology 
of {A*^*[h d) IS 

i7,,,(A*-*[P], d) = Tor^|^i(k[x]/Xp,k) = Torl^M (k(ifp), k), 

which is called the homology of the simplicial complement P. 

Fix a (T G 2^'"! and let A*^°'[P] be the submodule generated by u with total subset = 
From the formula for d(u), we see that (A*'°'[P], d) is a sub-complex of (A*'*[P], d). Then from a 
theorem of Baskakov, we see that 

i/,,,(A*'^[P],d) - Tor^M(k(Xp),k) = Tor^}:\kMKr)) = n a, k), 

where Kp H ct is the full sub- complex of Kp consisting of all simplices of Kp which have all of 
their vertices in a, that is Kp n a — {t Ci a\T £ Kp}. 

Notice that both 'k{Kp) and k are k[x] algebras, Tor^|^^' (k(iirp), k) has natural algebraic 
structure and the following isomorphism of algebras holds. 
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In section 3, we proved that 

Theorem 3.6 The algebraic structure in iJ,_*(A*^*[P],(i) = Tor*|f' (k(i^p), k) is given by 

[c] X [c'] = [c • c'] • 6„^„, 

where [c] G i7g,cr(A*''^[P], d), [d] G i/-,-,cr' (A*''^' [P], d), the cycle c ■ c' is the product of c and c' in 
the exterior algebra A*'*[P] and 5a^a' = 1 if o C\a' — 4>, 6a, a' =0 if a n a' ^ (p. 

Fix a subset uj C [to], there is the uj -compression E^j defined on the simplicial complement P 
given by 

Eu^ = {fJi \ (72 \ w, • ■ • ,as\ uj}. 

For the subset uj, the link and star of the simplicial complex Kf corresponding to uj are the 
sub-complexes 

starifpCj ={t e Kp\t U w e Kp} 

HnkxpW ={t e /-Cplr U w G ifp; t Duj — c/)}. 

In section 4 we proved that: 

Theorem 4.7 Let ¥ be a simplicial complement and Kp be the simplicial complex correspond- 
ing to P. Then: 

(1) The star, star^f^w = Ke^p is the simplicial complex corresponding to the simplicial 
complement -B^jP. Thus 

Tor J^M(k(starKrw),k) = 77,,,(A*'"[£:^P], d), 

(2) The link, linkj^-pO; = Ke^p H ([to] \ uj) and 

i?,j,n]\.(A*'["l\"[i?.P],rf) = H'"-l-l-«-i(linkK.u;,k). 

Let {2^, A) = {{Xi, Ai, Xi)\i e [to]} denote a set of triples of CM^-complexes with base points 
Xi e Ai and Kp be an abstract simplicial complex. The generalized moment-angle complex 
determined by A) and Kp denoted by Zk^ {2^, A) is defined to be the colimit 

ZkAX,A)^ y Diuj), 

where 



D{u}) =Yi X Fa X • • • X r„ and 



if « £ 
if i ^ UJ. 



Based on Theorem 4.7 and the decomposition of SZy,(X. A) given by Bahri, Bendersky, 
Cohen and Gitler (c/. [2111]), we proved in section 5 

Theorem 5.7 Let Kp be an abstract simplicial complex corresponding to a simplicial comple- 
ment P and let {2^, A) — {{Xi, Ai,Xi)\i G [to]} denote m choices of connected, pointed pairs of 
CW -complexes, with the inclusion Ai ^ Xi homotopic to constant for all i. If H*{Xi,]<.) and 
H*{Ai,'k) are free h-modules for all i, then the cohomology of ZKr(X, A) is isomorphic to 




as h-modules, where 



7J*,,(A*'"[S^P],d) = Tor^]r\HstarKrOj),k). 
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As applications, we also consider the cohoniology of Zk^IX, A) for some special triples of 
CW-complcxcs {2(^,A) including all the Xi are contractible; all the Ai are contractible and 
{X,A) = {S^,Sl_). 

Acknowledgements The authors are grateful to Z. Lii for his introduction of this topic. The 
authors are indebted to V. M. Buchstaber for his comments and suggestions, especially for the 
name of definition simplicial complement which is originally called partition. The authors also 
thank S. Gitler for his helpful suggestions. 

2. The homology of simplicial complement and the Tor of face ring 

Let [m] = {1, 2, • • • , m} and 2 1™! denote the power set of [m]. Choose a ground ring k with unit 
(We usually suppose that k is a principle ideal domain). Let k[x] be the graded polynomial 
algebra over k on m indeterminates x = {xi,X2, • ■ • ,Xm}- The monomial of k[x] is expressed as 

for a unique vector a = (ai,a2,--- ,am) G N"*. For a subset cr = {ii,i2,--- ,in} of [to], let 
Xo- = Xi-^Xi^ ■ ■ ■ Xi^ be the corresponding monomial in k[x], while x^ = 1. Then the monomial 
Xcr can be expressed as x"*" = x^- for a unique vector G N™. 

Definition 2.1 A sequence P = {cti, cr2, • • • , Cs} of subsets of [to] is called a simplicial com- 
plement. Given a simplicial complement P = {cti,(T2,--- ,crs}, let Ip denote the ideal o/ k[x] 
generated by x^^ 's 

Ip = (Xcr^ , Xct2 , • • • : X<Ta ) • 

Two simplicial complements P and Q are called equivalent if they generate the same ideal o/k[x], 
that is Tr =1^- 

Given an abstract simplicial complex if, let P^ denote the simplicial complement consists of 
all the non-faces d if or equivalently consists of all the missing faces in the sense that it is 
not a simplex of K but all of its proper subsets are simplices of K. One can easily see from its 
definition that Iv^ = Ik- 

Furthermore, given a simplicial complement P, noticed that 2p is an ideal generated by square- 
free monomials, there is a unique simplicial complex Kp such that Ip = Xxr- 

Definition 2.2 Define Kr to be the simplicial complex corresponding to P such that the non- 
faces 21'"] \ Kr is the full subset of 2^™^ consisting of all subsets a e 2 1™! which contain a subset 
(Tj in P, that is 

2M \Kr = {(j e 21™] I there is a & ¥ such that cji C a}. 



Notice that, x,^ = x,^. • 'x.^Xat if ^ '^i we have Ip = Ixr- The Stanley- Reisner face ring is 

k(ifp) = k[x]/lK, = k[x]/Jp. 
Proposition 2.3 /fP and Q are equivalent simplicial complements, then 

k(ifp) = k[x]/Xp = k[x]/2-Q = k{KQ) 

and the corresponding simplicial complexes Kp = Kq. □ 
Remark: Notice that if the empty set cj) is an element of the simplicial complement P, then 

Ip = (x0 = 1) = k[x], the simplicial complex Kf = 0, which is different from the empty 

simplicial complex K = {(j)}. 

Definition 2.4 Given a simplicial complement P = {(Ti,(T2, • • • ,o-s}, let A[P] be the exterior 

algebra over k on the generators ai,a2,-" )Cs- Define an N x 2'^"^^ -graded k-module structure 

on A[P] as follows. For a generator u = (Jk^ak^ ■ ■ ■ o/ A*'*[P], let 

Su =crki U (Tfej U • • • U cTfc^ and Si =(j) 
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denote the union of the subsets Uk^ 's, which is called the total subset of u. Define the degree of 
u = akifJk2 ■ ■ - cTkg as 

bideg{\i) = (g, S^) 

so that A[P] becomes an N x 2["1 graded k-module and A*'*[P] = A«''"[P]. 

Remark: is the least common multiple of the monomials Xq-^.^ , ^a-^^ j ■ ■ ■ i ^^kg ^^'^ A*'* [P] 
corresponding to the Xo-i , x^a, • • • , x^. labeled standard s — 1 simplex A*~^ (c/. [17j Chapter 
4). 

Let R*'* — A*'*[P] (g)k k[x] denote the free k[x]-module generated by A*'*[P]. For a generator 
u = <JkiCk2 ■ ■ ■ f fe of A'''*[P], the monomial in k[x] corresponding to the total subset S'u is 
expressed as X5^ ~ x*^" for an unique N™ vector au G N"* . We define the N x N™ degree of u as 

bideg{u) = (q, au). 

Then R*'* becomes an N x N"* graded module over k. 

Given a generator u — Uk^crk^ • • • ""fc, of A'''*[P], denote that 

Notice from Definition 2.4 that, the total subset — »S'ai(u) U (S'u \ Sg.f^^-^), we define a k[x]- 
module homomorphism 

d: A9^*[P] (8)kk[x] A«-i^*[P] ®k k[x] 

by setting 

(2.5) d{u ® x-^) = ^(-l)^9,(u) ® x(s„\sa.(„))x^ 

X5 

where Xj-g^^^g^^^) = ^ is the monomial of k[x] corresponding to the subset S'u \ Sg.(u). 

Theorem 2.6 (Taylor resolution) (A*'*[P] (K)kk[x], d) is a free resolution o/k[x]/Ip. Thus 
i?g,a((A*'*[P]®kk[x])®k[x]k, =TorJ^M(k[x]/Xp,k). 

Proof. One may find a proof of this Theorem in Chapter 4 of [T7| , where it is given by the cellular 
resolution. Here we give a proof by induction on the cardinal number |P| = s. 

Notice that, didj ~ dj-idi for i < j , an standard argument shows that d is a derivation, that 
is c? • d = 0. 

For A'''*[P] (8)k k[x] = k[x], we define the augmentation 

e: AO'*[P]®kk[x] ^ k[x]/Ip 
to be the quotient map. Furthermore from d((7i) = — Xo-^ we see that 

Ai'*[P] ®k k[x] A"'*[P] ®k k[x] — ^ k[x]/Xp ^ 

is exact. Thus we only need to prove that i?q_*(A*'*[P] (X)k k[x], d) = for all q > 0, and this will 
be done by induction on the cardinal number |P| — s. 
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If |P| = 1, that is P = {(Ti}, it is easy to see that 

^ k{CTi} ®k k[x] ^ ^ k[x] £ ^ k[x]/Ip 

^ Ai'*[{ai}] ®k k[x] -^-^ Ok k[x] k[x]/Xp 

is exact and then Hi^^,{A* *[{ai}] Ok k[x], d) = 0. 

Inductively suppose that for any simplicial complement P with cardinal number |P| = s, that 

is P = {(Ti,(T2, • • • jCjj} contains s subsets, the homology ffq^*(A*'*[P] 0k k[x],d) = for q > 0. 
Then for a simplicial complement Q with |Q| = ,s + 1, that is 

Q = {ai,a2,-- - ,a„a} = PU{a}. 

A*'*[P] (8)k k[x] is a sub-complex of A*'*[Q] (g)k k[x], then the short exact sequence 

^ A[P] ®k k[x] A[Q] ®k k[x] ^ (A[Q]/A[P]) ®k k[x] ^ 

induces a long exact sequence in homologies 

^ Hg,* (A[P] ®k k[x]) ^ Hg^, (A[Q] 0k k[x]) ^ if,,, ((A[Q]/A[P]) 0k k[x]) ^ • • ■ 

The quotient complex (A«+i'*[Q]/A9+i^*[P]) 0kk[x] is expressed as A«'*[P]cr0k k[x] with gener- 
ators u • (7 x"^ and the induced differential 

d: A«'*[P]a 0k k[x] ^ A«-i'*[P]a 0k k[x] 

is given by 

9 

rf(u ■ a x-^) = ^(-l)*(a,(u)) ■ a xs.x"^ 

i=l 

where S'i = Su-a \ 5'(9,(u))-(t = (o-fei U ■■■Uak^Ua) \ {(Jk^ U • • • U CTfc, U • • • U (Jfc^ U cr). 

By the induction hypothesis, we know that ifq,*(A[P] 0k k[x], d) = for g > 0. Thus we only 
need to prove that ((A[Q]/A[P]) 0k k[x]) = for gr > 1 and 

^ i/i,* ((A[Q]/A[P] 0k k[x])) ^ //o,*(A[P] 0k k[x]) = k[x]/Jp 
is exact or equivalently 9 is a monomorphism. To do so, let 

P' = {o-J = £71 \ a, = (72 \ <T, • • • , CT^ = CTs \ O"}. 

Define a homomorphism of k[x]-modules / : EA[r] 0k k[x] (A[Q]/A[P]) 0k k[x] by 
Notice that, 

(CTfe, U • ■ • U afe, U a) \ ((7fe, U---Uafe, U---Uafe, Ua) 
= ((afc, \ (7) U • ■ • U (afe, \ a)) \ ((a^, \ a) U ■ • ■ U (o^A^) U ■ • ■ U (a^, \ a)) 
=(£7;;^ U ■ • ■ U J \ (a^^ U • • • U U ■ • ■ U (7^ J 
we see that for a monomial u' = o'fc^o'^j • • • ct^^ e I]A*'*[P'], \ Sg^i^^i) = S^-a \ S(di{u))-a- Thus 

/ : SA[r] 0k k[x] ^ A[Q]/A[P] 0k k[x] 
is an isomorphism of chain complexes. By induction on s we see that 

ffg+i,* ((A[Q]/A[P]) 0k k[x], d) ^ HgMF'] 0k k[x], d)=0 
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for g > and 

JJi,, ((A[Q]/A[P]) «)k k[x], d) = i?o,*(A[P'] ®k k[x], d) - k[x]/Xr . 

i7o,*(A[P'](8)kk[x], d) = k[x]/Ip/ is generated by [cr(8)x'^] with x^ G k[x] and relations [cr(8)x''] = 
if x** € Xp/ . The connecting liomomorphism 

d : ffi,, ((A[Q]/A[P]) ®k k[x], dtj iJo,* (a[P] ®k k[x], 5) = k[x]/Jp 

is given by d{[a x*]) = — [xo-x"^] G k[x]/Xp. 

Fix an N™ vector c, we see that ifi^c ((A[Q]/A[P]) (g)k k[x], d) is generated by [a (8) x^] with 
an unique N™ vector a such that Xo-x"^ = x'^. If 

d{[a (g, x=^]) = -[x^x-^] = e i/o,*(A[P] ®k k[x], d) = k[x]/Xp, 

then in the graded k- module k[x], the monomial x^^x^ € Xp. This implies that there is a 
(T/s e P such that x<jX^ = x^^^x^. Thus x^x^ could be expressed as x^^^^x'^. Noticed that 
aUak = aUa'^ where cr^ = Cfe \ cr, one has x^x^ = x^x^^^x*^ and 

d{a',.a (g) x*^) = -(T (g) Xg-^x*^ = -a- (g) x^. 

This implies that [a<g)x^] = G ili,* ((A[Q]/A[P]) k[x], dj and the connecting homomorphism 
9 is a monomorphism. The theorem follows. □ 

To describe the differential 

d : A9'*[P] ®k k[x] 0k[x] k > A9-i'*[P] (gk k[x] 0k[x] k 

A9'*[P] ^ A'?-i'*[P], 

let cr be a subset of [m] and let A*''^[P] be the submodules of A[P] generated by the monomials 
u with S'u = (7. Then by Definition 2.4, A[P] becomes an N x 2'"'1 graded module over k and 

A*'*[P] = A*''"[P]. 

Theorem 2.7 Let P = {cti, CT2, • • • , Cs} &e a simplicial complement and Kp be the correspond- 
ing simplecial complex by Definition 2.2. Let {A*'*[V],d) be the chain complex induced from the 
bi-graded exterior algebra on P, the differential d : A5'*[P] — A5~^'*[P] is given by 



d(u)=^(-ip,(u) 



where (5a; (u) = 1 the total subset = Sg.^-^) and Sg.(^^^ = if '^di{u)- Then the homology 
o/(A*'*[P], d) z,s 

i/,,,(A*'*[P], d) = ror^[?l(k[x]/Xp,k) = ronM(k(ifp),k) 
which is called the homology of the simplicial complement P. 

Proof. Consider the chain complex (A'''*[P] (gk k[x] (8)k[x] k, d (g 1). From (2.5), we see that for a 
generator u 1 of A«'*[P] 0k k[x] 

^ q 

d(u0 1) = Y,{-ly^i{n)^x^s^\Se,^.,) 

i=l 
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and ^{s^\Sg ^^)) = 1 if and only if 5u — Sg.(^u)- Notice that, k[x] acts on k by sending all Xi's to 
0, the theorem follows from 

d{u ®k 1 (K>k[x] 1) = d{u (g)k 1) «)k[x] 1 = ^{-^ydi{u) ®k ^{s^\Sg^^^^) «>k[x] 1 

and 

a,;(u) Cx)k X(s„\S3^(„)) «>k[x] 1 = G A'?-1'*[P] (g>k k[x] (g>k[x] k 

if ^s„\So,(„) 7^ 1, that is Sg^^^^ ^ S^. □ 

Fix a (T G 2['"1 and let A*'°'[P] be the submodule generated by the elements u with total subset 
Su = cr. From the definition of ^^^(u) we see that di{u) ■ (5a.(u) S A*''^[P], otherwise 5a-(u) — 0. 
Then (A*'''[P], d) is a sub-complex of A*'*[P] and 

ror^M(k[x]/Ip, k)=ff,(A*''^[P],d) 

A precise expression of the Hochster theorem (c/. |S]) is: 
Theorem: (Baskakov) There are isomorphisms 

ror^M(k, k[x]/lA',) = i?l"l-''-H^pna, k), 

where Kp n a is the full sub- complex of Kp consisting of all simplices of Kp which have all of 
their vertices in a , that is Kp n cr = {t n cr|r g Kp} . 
Thus we have the following theorem: 

Theorem 2.8 (Combinatorial Hochster theorem) Let P and Kp be as above, then 
i7,,,(A*'^[P], d) -if 1^1-^-1 (i^pn a, k) and iJ,j™](A*'['"l[P], d) '^H^-t-^Kp, k). 
Furthermore the cohomology module of the classical moment-angle complex is 

H^^-^iZKr^)^ i/,,a(A*'*[P], d). 

fTC[m],|cr|— J 

Remark: Here we use the agreement that the cohomology of the empty smiphcial complex 

{0} is ij-i({0},k) = k. 

Proof. From Theorem 2.7, we see that i/q,^(A*''"[P], d) = Torg,^^' (k(i^p), k). Then from 

ror^M(k(ifp),k) = Tor^^M(k, k(ifp)) = Hl-l-9-i(i^p n d, k) 
we get the first one. The second one follows from the Hochster Theorem (c/. [S] for example). □ 

3. The algebraic structure on rorf|^'(k(i^p), k) 
Let A and B be k[x] algebras with structure maps 

if -.A (8)k[x] A-^ A, ip' : B (g)k[x] B ^ B. 

Choose a free resolution P of A, 

P : . . . ^ ^ P,_i ^ ^P^^P^^A, 
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P (g) P is a free resolution of A (8)k[x] A. The structure map (f : A (^klx] ^ gives a chain map 
(fi : P (8>k[x] P — > P which is unique up to chain homotopy. 



(P®P),^(P0P),-i 



P,-l- 



(P ® P)i ^ (P ® P)o ^ ^ (8)k[x] A 

3 V 



^A 



Applying the functor <8)k[x](-B (^kfx] we get a natural chain map 

(3.1) (P (g)k[x] ^) <8)k[x] (-B (8)k[x] S) = (P OkH B) (8)k[x] (P <8>k[x] B) 



P ®k[x] 



P Ok[xl {B (g)k[x] - 

On the other hand, there are natural maps 

(3.2) Hi (P ®k[x] B) ® (P ®k[x] ^ ifi+j ((P ®k[x] -B) 0k[x] (P 0k[x] -B)) ; 
one maps the cycles c G (P (E)k[x] -B)i and c' e (P 0k[x] B)j to 

C (g) C' e ((P ®k[x] B) ®k[x] (^ ®k[x] S))^^^. . 

Applying the natural chain map x : (P (8ik[x] B) (8ik[x] (^^ ®k[x] B) ^ P (8ik[x] .B, we get the 
algebraic structure 

(3.3) Tor,*;!-! (A, B) ® Tor^^M (A, B) Torgl, (A, B) 



^fi(^' <8k[xi B) ® Hj{P 0k[x] B) > Hi+j{P Ok[x] B) 

Notice that both k(ifp) and k are k[x] algebras, TorJ^j^^' (k(ifp), k) is an algebra in a natural 
way and the following isomorphism of algebras holds: 

iJ*(ZK„k)-rorl;!rl(k(ifp),k). 

To describe the algebraic structure of T orff^ i\<i{Kv) ,'k) , consider the free k[x]-resolution of 
k(Jsrp) given by Theorem 2.6, which is denoted by P*'* 

R*'* = A*'*[P] (gik k[x]. 

The tensor product 

R*'* 0k[x] R*'* = (A*'*[P] 0k A*'*[P]) Ok (k[x] 0k[x] k[x]) S (A*'*[P] ®k A*'*[P]) 0k k[x] 

gives a free resolution of k(i^p) i8)k[x] k(i4rp) = k{Kp). The algebraic structure of k{Kp) is given 
by 

HKr) Ok[x] KKr) ^ k{Kr) k{Kp). 
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Thus we need to construct a chain map : (A*'*[P] ®k A*'*[P]) ®k k[x] A*'*[P] (8)k k[x] that 
makes the following diagram commute 

(A*'*[P] (^k A*'*[P]) (^k k[x] A*'*[V] 

e e 

HKp) ®k[x] HKp) = k{Kp) k(i^p) 

Construction 3.4 The exterior algebra A*'*[P] has natural product structure. Given two 
generators u and v of A*'*[P] the total subset 0/ u • v is S^.v = 5u U S'v z/ u • v 7^ in A*'*[P]. 
Thus the monomial xs^.^ is a factor of xs^ ■ xg^ in k[x] . We define the product 

if : (A*'*[P] 0k A*'*[P]) 0k k[x] A*'*[P] 0k k[x] 

to be the k[x]-module map induced by 

(3.5) u X V =u ■ V " ■ 

It is apparent that so defined product keeps the second degree fN"* degree). 

Theorem 3.6 The product defined in Construction 3.4 is a chain map. Thus the algebraic 
structure in iI*,*(A*'*[P], d) = Tor^l^\\s.{Kp),'k) is given by 

[c] X [c'] = [C-C'] ■Sa,^', 

where [c] G iJ5,^(A*''^[P], d), [c'] G Hj^^,{A*^''' [F],d), the cyclec-c' is product of c andc' mA*'*[P] 
and 5a,a' = 1 if a- Ci a' = (j), Scr,a' =0 if a (1 a' ^ ^. 

Proof Notice that A°'*[P] = k, it is apparent that 

(AO'*[P] 0k AO'*[P]) 0k k[x] k{Kp) 0k[x] k(Xp) = k{Kp) 

Vo 1 

A°'*[¥] 0k k[x] ^ k(i^p) 

commute. 

To prove that if defined by Construction 3.4 is a chain map, we only need to check that 

d{u X v) = d{u) X V + (-l)*u X d{v) 

or equivalently to check that A*'* [P]0kk[x] is a differential graded algebra, because the differential 
in (A*'*[P] 0k A*'*[P]) 0k k[x] is given by d{u v) = d{u) v + (-l)«u d(v) if u G A«'*[P]. 

Lot V be the free k- module generated by P = {(Ti,(72,-- - ,0"^} and let T{V) be the tensor 
algebra of V, that is T{V) = We still use 

u =crfci <Tfe2 • • • (Jfe^ and Su =o-ki U crfc^ U • • • U crfc, 

to denote the generator of T{V) and the total subset of u respectively. The exterior algebra 

A*'*[P] = T(t/)/(uv - (-l)P«vu,uu) 

where (uv — (— l)^"^vu, uu) is the ideal generated by uv — {—ly^vu and uu for any generators 
ugT9'*(F) andvGTP'*(F). 
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Similarly, the monomial xs^ G k[x] corresponding to the total subset Su is expressed as 
xs^ = X*" for a unique N™ vector au- We also define 

bideg{u) ={q,aLu) and 
di{u) =aki ■ • - CTfc^ • • - o-fc^- 

Consider the N x N™ graded free k[x]-modulc T{V) ®k k[x], we define a differential 

d: T«'*(y) Cg)k k[x] ^ T«-i'*(y) C^k k[x] 

by setting 



d(u ® x'^) = y (-i)*ai(u) ® • x' 



as (2.5). 

Similar to Construction 3.4, T{V) (8>k k[x] has algebraic structure given by 

U X V = U • V (g) — ^ -■ 

Prom 

xs„ • xs„ 



d{u X v) = d{uv) 



=y (-i)^9i(u)v ® ^^^^^ — 2^^^^ + (-1)9 y (-i)'uai(v) 

and 



d(u) X v + (-l)«u X rf(v) 



= y (-i)^ai(u) XV® + (-!)« y (-i)'u X di{v) - ''^^ 



'^Sg. (u) ^ '^'S'Si (v) 



:y(-i)-9,(u)v0 • + (-i)9y(-i)^u5,(v) 



we see that d(u x v) = (i(u) x v+ (— l)9u x (i(v) and T(F) ig)kk[x] is a differential graded algebra. 
It is easy to check that the ideal (uv — {—ly^vu, uu) is invariant under the differential d. Thus 
{T(y) (8)kk[x], d} induces the differential graded algebraic structure on A*'*[P] (8)kk[x] as desired. 

To prove the second part of the Theorem, applying the functor (8)k[x]k, we see that in 
(A*'*[P]®kk[x])®k[x]k 

(U X V (8)k 1) ®k[x] 1 = (U • V (g)k 1) ®k[x] — = 

X5 • X5 

if the monomial — 7^ 1 or equivalently 5u n S'v ^ 0- □ 

Example: Compute the Tcn\l^\)s.{K),'k) and the cohomology of Zx corresponding to K 

(Sec Figure 1) 

There is the simplicial complement P = {cti = {1,5}, C72 = {2, 4}, 0-3 = {1, 2, 3}, 0-4 = {3, 4, 5}} 
corresponding to the simplicial complex K = Kr- 
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Figure 1 



From Theorem 2.7, we compute the differentials in A*-*[P]; 

d{ai(T2(J3(T4) — — 0'2<^3<^4 + Cri(T3(T4 — f7if72C4 + fiO'20'3; 

d^aiasat) = - (73(74. 

And these are aU the non-trivial differentials. Thus the Tor^l^\'k{K),'k) is a free k-module 
generated by 

a\(7i 

(71 

CTiCTa 

CriCT20'4 172 , 

(TiCr4 1 

o'if2a-3 (73 

^2(73 

174 

Cr2<74 

Consider the algebraic structure of Tor*|f' (k(_R'), k), we see from Theorem 3.6 that 

CTi X 72 = 7i(72 

is the only non-trivial product. By the Hochester Theorem, we see that H*{Zk,^) is a free 
k-niodule with Poincare series 



4. The simplicial complements and the simplicial complexes 
In [7] X. Cao and Z. Lii introduced a Z/2-algebra 

2[m]- ^ IJIJ . 2[m] ^ Z/2 = {0, 1}} 

consists of all Z/2 valued functions on the power set 2l™l with addition (/ -t- g){a) = f{a) + g{a) 
and multiplication (/ • g){a) = f{(7) ■ g{a). 

Let / : 2[™1 ^ Z/2 be a function in 2['"1*. We define 

suppif) - {a e 2^ I /(7) = 1} = C 2M 

which is called the support of /. 

On the other hand, given a simplicial complex K , there is the characteristic function fx € 2['"'l 
of K defined by 



(4.1) 



fK{(7) 



1 ifa e K 
otherwise ' 



with supp{fK) — K. 

Given a simplex a S 2[™1, there are functions 5„ and /io- G 2[™1* defined as 



(4.2) 



1 if r = 7 
otherwise. 



/v(t) 



1 if (7 C T 

otherwise 
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From (4.2), one can easily show that any / e 2^™!* can be expressed as 

/ = fi'^)^^ = E 

(7e2['"l a-esupp{f) 

Thus {S^\aG 2M} forms a basis of 2M*. 

Theorem 4.3 Let P = {tTi,(J2,--- be a simplicial complement, Kp be the simplicial 

complex corresponding to P by Definition 2.2 and fxr be the characteristic function corresponding 
to Kp by (4.1). Then 

i=l ueA[P] cre2l'"I V i / 

where the first sum runs over all the h-module generators u o/ A*'*[P]. 

Proof. Notice that, 1(t) = 1 for any r G 21™! and (1 + = if and only if cr C r, we see 

that for any r G 2['"1 

fxAr) = (1 + M^JM • (1 + M^J(t) (1 + M<T,)(r) = 
if and only if there exists an i such that (1 + l-iai){T) = 0. This is equivalent to that there is a 

s 

(Tj G P such that (Tj C T. By Definition 2.2, r is a non- face of Kr. Thus /k, = JJil + f^a,)- 

For the second part of the theorem, notice that for any subset w G 2^"^\ [jj,^ ■ IJ-t){i^) = 
IJ.a{i^) ■ IJ'rii*^) = 1 if and only if cr C w and r C w <S=^ aUr C oj. One has 

Thus 

S 

JJi'^ + fJ-ai) =1 + E •••McT., = E 

«=1 {ii,j2--- ,j5}C[m] ueA[P] 

by Definition 2.4. 

Fix a a G 2I'"!, A*''^[P] is the k— submodule generated by u with total subset = a, 



E Ms„= (EdimkA''"[P]JMa• 



The third part of the Theorem follows. □ 
Definition 4.4 Fix a subset uj G [m], there is the map ■ 

2[m] — ^ 2M defined by £„('r) = 

r U w. The lj -compression E^^ : 2''"1* — > 2[™1* is defined by 

For the simplicial complement P = {cti, a-2, • • • , ag}, we define the lo -compression ofF by 

E^F = {cTi \ w, C72 \ w, • • • ,(Ts\ co}. 

From {f+g)oeu = foe^+goe^ and {f-g)oe^ = {foe^)-{goe^), we see that E^ : 2H* — 2M* 
is a homomorphism of Z/2-algebra. 
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s 

Lemma 4.5 Let ¥ be a simplicial complement and fxr = 1^(1 + McrJ be the characteristic 

i=l 

function of the simplicial complex K-p by Theorem 4-3. Then 

s 

i.e. E^^{fx,) is the characteristic function of the simplicial complex Ke^v corresponding to the 
simplicial complement E^^F. 

Proof. The w-compression : 2["'l — > 2l'"l is a homomorphism of Z/2-algebra. Thus 

EMk,) = E^ (11(1+ M.J ) = \{(E^{1) + E^{^l„,)) . 
\i=l J i=l 

For the function /x^, take a r G 21™!, we have 

E^{Ha){T) = 1 iJ,aieu:{T)) = 1 <S=> a- c rUw <^ {a\uj)c t. 

This impHes that 

(4.6) E^il^^) =M<T\a;- 

s s 

Then from E^{1) = 1, we see that E^k,) = l[{^ + E^in^,)) = J] + '"'-iV) = f^^.^' ° 

i=l i=l 

For an arbitrary simplex co € K, define its link and star as the sub-complexes 

star/f a; = {r € U r e JT}; linkxw = {r e /^lo; U r G /f, w n r = 0}. 

Theorem 4.7 Let F be a simplicial complement and Kr be the simplicial complex correspond- 
ing to P. Then: 

(1) The star, starif|pW = Ke^p is the simplicial complex corresponding to the simplicial 
complement E^F. Thus 

Hg,^{A*^-[E^F],d) = Tor^W(k(starK,a;),k), 

(2) The link, link^pW = Ke^f H ([m] \ co) and 

J?«,Mv(A*'['"l\"[£;..F],d) = 5'"-l-l-«-i(linkK,a;,k). 

Proof. Let /^p and fKe^v be the characteristic functions of ii'p and Ke^v respectively. Then a 
simplex r € star^pW if and only if 

T\Ju£Kp 'i=> fKt.{T U w) = 1 fxr O e^(r) = 1 <S=^ E^{fK^){T) = fKE^AT) = 1 

Thus the characteristic function of star^^pW is fxE^r ^^'^ 
star^pO; ={t G i^p|a; U t € Kp} = Ke^p, 

linkifpW —{t G Kp\lo U t G JCp, r ("1 w = (/)} = -ftTs^p n ([to] \ w). 
From Theorem 2.7 we see that 

Tor^M (k(starKpW),k) =ror^M(k(ifs„p), k) = iJg,,(A*''^[i;^P], d) 
and from Theorem 2.8 we get 

Hm-M-i-\linkK,oj, k) =H^-\"\-i-\KE^pn{[m]\uj), k) = i?,,[„j\^(A*'["l\"[i?<,P], d). 
The theorem follows. □ 
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5. The cohomology of the generalized moment-angle complex 

In this section we consider the cohomology module of the generalized moment-angle complex. 
Recah from [2] [3], 

Definition 5.1 Let (X, A) = {{Xi, Ai, Xi)\i € [m]} denote a set of triples of CW -complexes 
with base points Xi £ Ai and Kp be an abstract simplicial complex. The generalized moment-angle 
complex determined by (X_^ A) and Kf denoted by Zk, il) is defined using the functor 

as follows: For every lo € Kp, let 

D{uj) =Yi xY2 X ■■■ xY^ where ^i=\ '^a' t^-J/^ 

\^ Ai if I LO. 

The generalized moment-angle complex is 

ZkAx.A)^ U ^(^)- 

Let Yi A y2 A • ■ • A F,„ be the smash product given by the quotient space 

Yl X ^2 X • • • X Yra/S{Yi X Y2 X ■ ■ ■ X K,„) 

where S{Yi XY2X ■ ■ ■ x Ym) is the subspace of the product with at least one coordinate given by 
the base-point Xi £ Yi. The generalized smash moment-angle complex is defined to be the image 
of (X, A) in A X2 A • • • A X„i, that is 



where 

D{uj) ^Yi A y2 A • • • A subject to Yi 



Xi if i E UJ 
Ai ii i ^ LO. 



Given a non-empty subset / = {ii, 12, ■ ' ' i C [m] and a family of pairs A), define 

{Xi_,Ai)^{{X,^.A,.)\i,(.I} 
which is the subfamily of (A^, A) determined by /. It is known from [51 13] that: 

(5.2) H -.^{ZkAX.A)) y ZK,ni{Xi_,Ai) 

\7C[m] 

is a natural pointed homotopy equivalence. To describe it more precisely, let w C / and 

Xij if ij e LO 



Di{uj) ^Y,, AY,, A--- AY,, with Yi 

Then 



Ai^ if ij 



ZK,ni{Xi_,Ai) = U Di{uj). 

LueKpni 

Associated to a simplicial complex Kp, there is a partial ordered set (poset) Kp with point a 
in Kp corresponding to a simplex cr S Kp and order given by reverse inclusion of simplices. Thus 
CTi ^ 172 in Kp if and only if (T2 Q cri in Kp. Given an w g Kp there are further posets given by 

Kp^uj ={''' G Kp\t < lo} = {t <E Kp\oj t} and 

K^<u ^{t e k^\t w} = {r e K^\oj C t}. 
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Given a poset P, the order complex A(P) is the simphcial complex with vertices given by set 
of points of P and fc-simplices given by ordered (k + l)-tuples (po,Pi, • • • ,Pfe) with po < Pi < 
• • • < pfc. It foUows that A(i4rp)<0 = K!p is the barycentric subdivision of Kf,. 

Given a simphcial complex i^Tp, we use \Kf.\ to denote its geometric realization. The symbol 
\Kv\ * Y denotes the join of and Y . If F is a pointed CW^-complex, then \Kp\ * Y has the 
homotopy type of Ej/^pl A Y . 

Theorem (Bahri, Bendersky, Cohen and Gitler [2j |3] 2.12) Let Kp be an abstract 
simplicial complex and Kp its associated poset. Let {2^, A) = {(Xi, Ai,Xi)\i G [m]} denote m 
choices of connected, pointed pairs of CW -complexes, with the inclusion Ai Xi homotopic to 
constant for all i. Then there is a homotopy equivalence 

ZkAx,a)^ V |A(i?p<^)|*5H. 

From (5.2), we see that if Ai ^ Xi are null-homotopic for all then 

\/C[m] 



I V ( V |A(Xpn/<JhB,H) ) 

\/C[m] VtJG-R'pn/ / J 



Fix an cj G Kp, it is easy to see that uj G Kp n / if and only if a; C /. Thus S(Zif,(X, A) has the 
homotopy type of 

V ( V |A(i?prTT<j|*5,H) U I V ( V |A(i?P?TT<j|H<5,H 
(5.3) - V V s|A(i?pn7<^)| aS/H 

Remark 5.4 If w is a maximum face of Kv n / in the sense that lo G Kv n / but it is not a 



proper subset of any other simplices, then Kp n = {r G Kp n /|w t} = 0- The simplicial 
complex I^{Kp n l^^S) — {0} is the empty simplicial complex. Here we use the agreement 

|{(/)}| *I)/(a;) =i3/(w) and S|{0}| A I)/(a;) =Z)/(a;). 

Combine with the agreement in Theorem 2.8, k) = k, we have 

5°(I]|{0}|,k) =k and Ai3/(w),k) =5*(i5/(w),k) 

Consider the reduced cohomology of Zu^iX. A), we see from (5.3) that: 

(5.5) ff*(2K,(X,4),k)= [ i?*(s|A(7?p?T7<^)|A5Kc.),k) j . 

Furthermore suppose that there is no Tor problem in the Kiinneth formulae for the cohomology 
of S|A(Ap n /<(^)| A Di{(jj) (For example, take k to be a field or suppose that 7?*(Xi,k) and 
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H*{Ai,'k) are free k- modules for all i). Then from 



Dj{cj)=Yi,AYi,A...AYi,c^l/\xA/\l /\ aA 



if*(£>j(a;),k) = l(g)F*(X,,k) ® (g) if*(A,-,k) 

View / yj£/\a> 

which is a free k-modulc, we have 

(5.6) (s|A(EprT7<„)| A5/(a;),k) = (S|A(:Kpn7<„)|,k) ® #* (5/(a;),k) 



View / 

Theorem 5.7 Lei ifp he an abstract simplicial complex corresponding to a simplicial comple- 
ment ¥ and let (X, A) = {{Xi, Ai,Xi)\i 6 [m]} denote m choices of connected, pointed pairs of 
CW -complexes, with the inclusion A^ ^ homotopic to constant for all i. If H*{X^,'k) and 
H*{Ai,'k) are free li-modules for alii, then the cohomology of Zk^{X_,A) is isomorphic to 

H*{ZKAX,A),'k)= I 0Lf,,,(A*'-M,rf)® ((g)iJ*(Xi,k) U |(g)5*(A,-,k) 

we-RTp \ T View / \jeT 

as Vi-modules, where 

H,,r{A*'^[Eu:f],d) ^ Tor*lr\k{starK,u;),-k) 

subject to T C [m] \ oj. 

Proof. Given an w c /, from its definition we see that the posets 



n I^^ ={t € KrCi I\uj Ct} = {t G Kr\co c r C /} and 



linki<-,n/w ={r' e Kw f) I\uj U t' e Kr Ci I,t' Hlj = (f>} 



={r' e Kr\oj Ut' € Kp,t' ricv = (j>, and r' C /} = (link^pW) n /< . . 



There is a one to one correspondence between the posets : Kr n J<(^ — > (linkifpo;) fl I^^ given 
by ^'(t) — t \ u!. Thus the order complex A{Kp fl I^^) = ((link^pW) fl /)' is the barycentric 
subdivision of (link/fpOj) fl / and then 

(5.8) #*(s|A(XpTi7<^)|,k) = if*-i(|A(i?prT7<^)|,k) = 

Recall from Theorem 4.7 that linkxpi^ — Ke^v H ([j^] \ we have 

(linkif,w) n / = Ke^v n ([m] \ w) n / = Ke^v n (/ \ w). 
Then from Theorem 2.8 and (5.8), we have 

H,j\^{K*''\^[E^¥\,d) =^IA-l-«-i((nnkxpW) n/,k) = ^IA-l-9(l]|A(i?prT7<^)|,k) 

From the definition of E^W = {cti \ w, 0-2 \ w, • ■ • , fTg \ oj}, we see that total subset of any 

generator u G A*'*[i?j^P] is contained in [to] \a;. Thus the homology of the simplicial complement 
Hg^T{^*''^[Eu}¥'],d) is concentrated in r C [m] \ u. Denote the non-empty set / by r U w for any 
u) C I C [m], we have 

Hg,r{X*'^[E^F],d) = #l^l-«(S|A(/^pn(rUa;)<„)|,k). 
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Apply this formula to (5.6) and (5.5) we get 



ueKr \rC[m]\w / 

= 0(0 i?</,r(A*'^[ii;„P],d)® ((g)7J*(X„k)U (g)iJ*(A„k) 
wS-RTp \rC[m]\w View / \jeT j 

where I = ojUt cj). 

The theorem follows from H°{Zkj.{^,A),^) = k and the agreement by taking I = lo = t = ^ 
to be the empty set 

HoA^*'^[E4>^ld) ^ I (g) H*iXi, k) j ® I (g) H*{Aj, k) ] = k. 



□ 



Remark: If the abstract simplicial complex Kp is given by an abstract simplicial complement 

P, we might not know if a subset cj is a simplex of Kp or not. This is not a problem, because 
while U! ^ Kp, the empty set (j) is an element of E^^F and H^,^^,{A*'*[EuF],d) = 0. Thus Theorem 
5.7 could be written as 

(5.9) =010 H*,r(A*'"KP],d)® f (g)^*(^.,k)J «. I (g)F*(Aj,k) 

tije[m] yTG[m] View / \j£r ) 

Corollary 5.10 // all the Ai are contractible and H*{Xi,\i) are free k-modules. Then 



H*{ZKAX,A),k)^ [(g)i?*(X„k)j 

uiEKp View / 



Proof. If all the Ai are contractible then H* {Aj , k) = for any non-empty set r. The corol- 

jer 

lary follows from Ho,^iA*''t'[E^F],d) = k if w e ifp. □ 
Corollary 5.11 // all the Xi are contractible and if*(Aj,k) are free k-modules. Then 

H*{ZKAX,A),k) = (if,,,(A*'^[P],d)® l^H*{Aj,k) 

r \ \jeT 

Furthermore take Xi = and Ai = for all i, 

H^{ZK,,k)=H^\^\-\ZKADl,Sl.),-k)= Hg,AA*'^[F],d), 

2\T\-q=r 

where iIg,^(A*'^[P], rf) = Torg}r\HKp),'k). 
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Proof. If all the Xi are contractible, then (^if*(Xi,k) = for any non-empty set w. The 
corollary follows from 

H*{ZK,{X,A),-k) = ^ H.,r{A.*'^[E4,F],d) (E, I (g) k) J j (g) iJ * ( A,- , k) 

and the agreement (g) H*{Xi, k) = k. □ 
Proposition 5.12 Let X^ = S"^ and Ai = all i. Then 

2\Lo\ + 2\T\-q = r 



Proof. Noticed that ^^^^^{uj) is the 2\uj\ + \t\ sphere if ojdr ■ 



View / \jeT J 



we see from (5.5) that 



including ui = t = 4>. The result follows from 

(E|A(i^pn(a;Ur<„)|,k) = /fq,,(A*'"[i;„P], d). 



□ 



We finish this paper by giving an example. 

Example 5.13 Let m — 6 and the simplicial complement P = {ai = {1, 2}, (72 = {3, 4}, as = 
{5, 6}}. The corresponding simplicial complex is a triangulation of the sphere S'^ (see Finger 2) 




Finger 2 

The cohomology ring of Zk = Zk^ID'^. S^ ) could be easily got from the homology of the 
simplicial complement P = {cti = {1, 2}, c72 = {3, 4}, CT3 — {5, 6}}, 

H,,4A*'^[V],d)^A*'*[{ai,a2,(Ts}] 
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as an exterior algebra over k. Thus the cohomology ring H*{Zk, k) is the exterior algebra on F 
with non-trivial products. The Poincare series of H*{ZK,i^} is 1 + 3x^ + 3x^ + and the total 
Betti number of Zk is 8. 

Consider the cohomology of ZkJS^ , S^). We start from computing the homology of the 
simplicial complement E^F with lo £ K: 

(1) Take u = 4>, the homology of the simplicial complement E^F is A*'*[{cri,cr2,(73}]. Thus 
the submodule 

if,,,(A*'-[£;^P], d) = A*'*[{ai, a2, ^3}] 

r 

is a free k- module with Poincare series 1 + + 3x® + x^ . 

(2) Take oj = {1} (similarly, take any of its 6 0-simplex uj = {i}, i € [6]), the homology of 
the simplicial complement E^^F is A*'*[i?{i}P]. Thus the submodules 

0if,,,(A*'^[i;{,jP],d) 

r 

is the free k- module with Poincare series + x + 2x^ + 2x* + x^ + x^). 

(3) Take ui = {1,3} and similarly any of its 12 1-simplex ui = {11,12}, the homology of the 
corresponding simplicial complement is A*'*[E^i^_i^-jF]. The submodule 

r 

is the free k- module with Poincare scries x'^{l + 2x + x"^ + x^ + 2x^ + x^). 

(4) Take w = {1,3,5} and similarly any of its 8 2-simplex w = {ii,i2,i3}, the homology of 
the corresponding simplicial complement is A*'*[E^i^^i^^i^yF]. The submodule 

0ff.,.(A*--[i?{,,,i,,3}P],d) 

T 

is the free k-module with Poincare series x^{l + 3a; + 3x^ + x^). 

Thus 

H*{ZKASl,Si),li)= (^H,,r{A*'^[E^F],d)\ 

is a free k-module with Poincare series 
(1 + 3x^ + 3x^ + a;^) 
+6a;^(l + a; + 2a;^ + 2a;'' + a;'' + a;^) 
+12a;*(l + 2x + a;2 + a;^ + 2a;'' + a;^) 
+8a;*'(l + 3a; + Sx^ + x^) 

=1 + 6a;2 + _^ y2.x'^ ^ 35^5 ^ 35^6 ^ 35^7 ^ 54^8 273.9 
The total Betti number of Zk^{S^,S}^ is 216. 

References 

[1] C. AUday and V. Puppe, Cohomological Methords in Transformation Groups, Cambridge Studies in Advanced 

Mathematics, 32, Cambridge University Press, 1993. 
[2] A. Bahri, M.Bendersky, F. R. Cohen and S. Gitler, Decompositions of the polyhedral product functor with 

applications to moment-angle complexes and related spaces, Proc. Nat. Acad. Sci. U. S. A. 106 (2009), 

12241-12244. 



SIMPLICIAL COMPLEMENT AND MOMENT-ANGLE COMPLEXES 



21 



[3] A. Bahri, M. Bendersky, F. R. Cohen and S. Gitler, The polyhedral product functor: A methord of computation 
for moment-angle complexes, arrangement and related spaces, preprint larXiv:0711.468"9V 2 [math. AT] 8 Dec 
2008. 

[4] I. Baskakov, Cohomology of K-powers of spaces and the combinatorics of simpUcial divisions, Russian Math. 

Surveys 57 (2002), no. 5, 989-990. 
[5] V. M. Buchstaber and T. E. Panov, Torus Actions and Their Applications in Topology and Combinatorics, 

University Lecture Series, Vol. 24, Amer. Math. Soc. Providence, RI, 2002. 
[6] V. M. Buchstaber and T. E. Panov, Combinatorics of simplicial cell complexes and tours action, Proc. Steklov 

Inst. Math. 247 (2004), 33-49. 
[7] X. Cao and Z. Lii, Mobius transform, moment-angle complexes and Halperin-Carlsson conjecture, preprint. 

I arXiv:0 908. 3174^2 [math.CO] 12 Sep 2009. 
[8] M. W. Davis and T. Januszkiewicz, Convex polytopes, coxeter orbifolds and torus action. Duck Math. J. 62 

(1991), 417-451. 

[9] G. Denham and A. Suciu, Moment-angle complexes, monomial ideals and Massey products. Pure Appl. Math. 
Q. 3 (2007), 25-60. 

[10] M. Franz, The intergral cohomology of toric manifolds, Proc. Steklov Inst. Math. 252 (2006), 53-62. [Pro- 
ceedings of the Keldysh Conference, Moscow 2004]. 

[11] R. Goresky and R. MacPherson, Stratified Morse Theory, Ergeb. Math. Grenzgeb., Vol. 14, Springer- Verlag, 
Berhn, 1988. 

[12] J. Grbic and R. Theriault, Homotopy type of the complement of a coordinate sunspace arrangement of 

codimension two, Russian Math. Surveys 59 (2004), no. 3, 1207-1209. 
[13] P. J. Hilton, U. Stammbach, A Course in Homological Algebra, Berlin-Heideberg-New York: Springer 1971. 
[14] M. Hoster, Cohen- Macaulay ring, combinatorics and simplecial complexes, in: Ring theory, II (Proc. Second 

Conf. Univ. Oklahoma, Norman, Okla., 1975), pp. 171-223. 
[15] S. Lopez de Medrano, Topology of the intersection of quadrics in R", in Algebraic Topology (Areata Ca), 

Springer Verlag LNM 1370 (1989), Springer Verlag. 
[16] Z. Lu and T. Panov, Moment-angle complexes from simplicial posets, preprmi larXiv:0912.2219y l [math. AT] 

11 Dec 2009. 

[17] E. Miller and B. Sturmfels, Combinatorial Commutative Algebra, Graduate Texts in Math. 227, Springer, 
2005. 

[18] T. E. Panov, Cohomology of face rings and tours actions, London Math. Soc. Lect. Notes Ser. 347 (2008), 
165-201. 

[19] G. Porter, The homotopy groups of wedge of suspensions, Amer. J. Math., 88 (1966), 655-663. 
[20] R. P. Stanley Combinatorics and Commutative Algebra second edition. Progress in Math. 41 Birkhauser, 
Boston, 1996. 

[21] Y. Ustinovsky, Toral rank conjecture for moment-angle complexes, vrevrint ,arXiv:0909. 10531 /2 [math. AT] 29 
Sep 2009. 

[22] R. Vogt, Homotopy limits and colimits. Math. Z. 134 (1973), 11-52. 

School of Mathematical Sciences and LPMC, Nankai University, TiAN.nN, 300071, P.R.China. 
E-mail address: xjwaiig@naiikai.edu.cn 



School of Mathematical Science and LPMC, Nankai University, Tianjin, 300071, P.R.China 
E-mail address: zhengqbOnankai . edu . cn 



